This paper studies the Katz-Lebowitz-Spohn (KLS) process on lattices with a junction, where particles move on parallel lattice branches that combine into a single lattice at the junction. It is shown that 11 kinds of phase diagrams could be observed, depending on the two parameters and δ in the KLS process. We have investigated the phase diagrams as well as bulk density analytically based on flow rate conservation and the extremal current principle. Extensive Monte Carlo computer simulations are performed, and it is found that they are in excellent agreement with theoretical prediction.
I. INTRODUCTION
The one-dimensional driven diffusive system has been a rewarding research topic in recent decades, and has served as a fruitful testing ground for fundamental research in nonequilibrium physics [1] [2] [3] [4] [5] . Steady states in driven diffusive systems exhibit many surprising or counterintuitive features, given our experiences with equilibrium systems, e.g., boundary induced phase transitions, spontaneous symmetry breaking, and phase separation [6] [7] [8] [9] [10] .
The nonequilibrium kinetic Ising model introduced by Katz, Lebowitz, and Spohn (KLS) is one much-studied onedimensional driven diffusive system [11] . It was introduced in 1984 to describe nonequilibrium steady states of a stochastic lattice gas model of fast ionic conductors. This is an exclusion process in which each lattice site is either occupied by one particle or empty. Particles hop randomly (with some bias) to their nearest-neighbor sites with rates depending on the occupation of the nearest-and next-nearest-neighbor site. In the totally asymmetric case, particles hop only to the right with bulk hopping rates 0100 → 0010 with rate 1 + δ, 1100 → 1010 with rate 1 + , 0101 → 0011 with rate 1 − , 1101 → 1011 with rate 1 − δ, where −1 < , δ < 1. Here, 1 marks the occupation of a lattice site by a particle and 0 means that the site is empty. By using standard transfer matrix techniques, the stationary current j (ρ) can be computed exactly from the stationary measure of the periodic system. One obtains, in the thermodynamic limit [11, 12] ,
As shown in Fig. 1 , the two parameters and δ determine the shape of the current-density relation, which could exhibit * rjiang@ustc.edu.cn either two local maxima (j 1 ,j 2 ) and a local minimum (j min ) or a single maximum. If there are two local maxima, the left local maximum is larger (smaller) than the right one provided δ > 0 (δ < 0). With δ = 0, the system has a symmetrical current-density relation. In particular, in the special case = δ = 0, the KLS process reduces to the totally asymmetric simple exclusion process (TASEP).
The majority of the driven diffusive systems investigated involve particle movement along the one-channel lattices. A more realistic description of nonequilibrium systems requires an extension of the driven diffusive system to include the possibility of transport on lattices with a more complex geometry. Actually, there have been many works involving extensions of the one-lane situation to multiple lanes, either parallel lanes [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] or intersected lanes [27] [28] [29] . Junction is another geometry frequently observed in nonequilibrium systems such as vehicle traffic and motor traffic, which has been widely investigated in the literature [30] [31] [32] [33] [34] [35] . Nevertheless, these works have been carried out in the framework of the TASEP. This paper extends the investigation of the junction to the general case of the KLS process. It is shown that 11 kinds of phase diagrams could be observed, depending on the two parameters and δ in the KLS process. We have investigated the phase diagram as well as bulk density analytically and numerically, and it is found that simulation results are in excellent agreement with theoretical ones.
The paper is organized as follows. The description of the model is given in Sec. II. In Sec. III, the analytical and numerical results are presented. Finally, conclusions are given in Sec. IV. Figure 2 shows a sketch of the KLS process on lattices with a junction. Chains I and II merge at the junction to form chain III. In the bulk, the particles hop according to the KLS process rates. The left boundary of chains I and II is coupled to a reservoir with density ρ − ; the right boundary of chain III is coupled to a reservoir with density ρ + .
II. MODEL
We need to pay special attention to particles at site L + 1 on chain III, since the particle hopping rate depends on the occupation of the nearest upstream site. In this paper, we have studied three different situations: (i) We suppose that the upstream site is empty only when both sites L on chains I and II are empty. Otherwise, it is supposed that the upstream site of site L + 1 is occupied. (ii) We suppose that the upstream site is occupied when both sites L on chains I and II are occupied. Otherwise, it is supposed that the upstream site of site L + 1 is empty. (iii) We suppose that the hopping rate of a particle on site L + 1 depends on the state of site L on the branch it comes from. Simulations show that the phase diagram and bulk density are the same under the three different situations [38] .
The random sequential update rules are adopted as follows. In an infinitesimal time interval dt, one site i is chosen at random.
(a) If the site is at the left boundary of chains I and II (i = 1): If the site is empty, then a particle is injected to the site with rate P or Q, depending on whether the next site 2 is empty or not,
If the site is occupied and site 2 is empty, then the particle hops with rate P 1 or Q 1 , depending on whether site 3 is empty or not,
(b) If the site is at the right boundary of chain III (i = 2L) and the site is occupied, then the particle is removed with rate R or S, depending on whether site 2L − 1 is empty or not,
(c) If i = 2L − 1 and the site is occupied, and the right boundary site 2L is empty, then the particle hops with rate R 1 or S 1 , depending on whether site 2L − 2 is empty or not,
Here, e.g., 100 ρ is a stationary-state probability of a configuration 100 in an infinite system with average density ρ. For more details, see appendix B in Ref. [12] . In other cases, particles hop according to the KLS process rates, as mentioned above.
III. RESULTS
We first recall the phase diagram of the KLS process on a single open chain in the (ρ − ,ρ + ) plane. When the KLS process has only one local maximum, the phase diagram is simple. There exist three phases, i.e., high density (HD), low density (LD), and maximum current (MC).
When the KLS process has two local maxima, the phase diagram becomes complex. In the case that the two local maxima are not equal, the phase diagram consists of seven phases, as shown in Figs. 3(a) and 3(b) . In the LD phase, the bulk density ρ = ρ − < ρ * 1 ; in the HD phase, ρ = ρ + > ρ * 2 ; in the Y phase, ρ min < ρ = ρ − < ρ * 2 ; and in the X phase, ρ * 1 < ρ = ρ + < ρ min . In the min, max1, max2 phases, ρ = ρ min , ρ * 1 , ρ * 2 , respectively. Here, ρ min , ρ * 1 , ρ * 2 correspond to local minimum (j min ), the left local maximum (j 1 ), and the right local maximum (j 2 ), respectively (see Fig. 1 ). We also note that when δ > 0 (δ < 0), the left local maximum j 1 is larger (smaller) than the right one j 2 , and the X (Y) phase separates phases max1 and max2.
In the case that the two local maxima are equal (δ = 0), one more phase S emerges in the phase diagram [ Fig. 3 system. The densities upstream and downstream of the shock are equal to ρ * 2 and ρ * 1 , respectively. Now we study the junction. When the KLS process has only one local maximum, the phase diagram is similar to that of the TASEP as studied in [30] and is straightforwardly obtained. Details are not shown here. Next we investigate the three cases j 1 > j 2 , j 1 < j 2 , and j 1 = j 2 in the following sections.
To investigate the problem, following the methodology in Ref. [30] , we map the system into three coupled subsystems, as shown in Fig. 4 . For chains I and II, the effective density of the right reservoir of chains I and II is denoted as ρ eff + , and the effective density of the left reservoir of chain III is denoted as ρ eff − . Let J 1 , J 2 , and J 3 represent the current in chains I, II, and III. The flow rate conservation requires
Moreover, the extremal current principle requires [12] We would like to mention that as pointed out in Ref. [37] , the extremal current principle is valid only for some specified bulkadapted boundary-reservoir couplings, such as the left and right boundary couplings in the studied model in the present paper. For the junction, we use an effective boundary reservoir instead of specific couplings; therefore, the extremal current principle is valid.
Based on Eqs. (1)- (5), one can derive the phase diagram and the bulk density. Unfortunately, since the current density relation j (ρ) is complex, one can only obtain numerical solutions instead of analytical expressions. Now we present how to determine the bulk density in the phases. Let us take phase (X,X) for example, and other phases can be analyzed similarly. In the X phase, the bulk density is decided by the right boundary. Therefore, the bulk density ρ = ρ + on chain III, and current J 3 = j (ρ + ) can be calculated. The currents on chains I and II are thus equal to J 3 /2. As a result, in an independent way, only one of them could be obtained in a specific phase. For example, ρ eff − is not determined in the (X,X) phase. The analysis is valid when the system flow rate could be determined in advance, which is the case in all phases in the three versions of our model. Otherwise, one still needs to estimate the effective boundary densities independently to analyze phases such as (HD, LD), if they exist.
We would like to mention that oscillations occur in the density profile near the junction in a wide range of ρ − and ρ + . Fig. 6(b) ], and it gradually disappears when ρ − decreases [ Fig. 6(a) ]. The oscillatory behaviors are related to the boundary couplings near the junction. As shown in Ref. [37] , density profiles could exhibit oscillations close to the boundaries. Nevertheless, the quantitative relationship between the oscillatory behaviors and the dynamics near the junction needs to be investigated in a future work, which might be a challenge.
When E becomes larger than 2, the phase (HD,max1) disappears [ Fig. 5(b) ] because the line j = j 1 /2 has no intersection with the high density part of the current-density relation j (ρ). Therefore, the flow rate conservation cannot be satisfied in the phase (HD,max1) . Similarly, the disappearance We also would like to mention that we compare C,D,E with 2 because two lattices merge into one. For case m, the lattices merge into n ones (m > n), and it is expected that we need to compare C,D,E with m/n. Fig. 8(a) ]. While phases (HD,max1) and (HD,X) are absent, a new phase (HD, S) emerges, the density profile of which is shown in Fig. 6(l) . When C = D < 2, phases (min,Y), (X,X), (X,max1) and (Y,Y) vanish and five phases are left [ Fig. 8(b) ].
IV. CONCLUSIONS
This paper has studied the KLS process on lattices with a junction, where particles move on parallel lattices that combine into a single lattice at the junction. It is shown that the two parameters and δ in the KLS process have a qualitative influence on the phase diagram. Altogether, 11 kinds of phase diagrams could be observed.
When the KLS process has only one local maximum, the phase diagram consists of three phases, (LD,LD), (HD,HD), and (HD,MC) (excluding the phases existing on the boundaries), which is similar to that of the TASEP as studied in [30] .
When the KLS process has two local maxima and one local minimum, ten kinds of phase diagrams could be observed. When j 1 > j 2 , five kinds of phase diagrams exist depending on the ratios j 1 /j min , j 2 /j min , and j 1 /j 2 . When j 1 < j 2 , three kinds of phase diagrams exist, which is independent of j 1 /j 2 , but depends on j 1 /j min and j 2 /j min . Finally, when j 1 = j 2 , only two kinds of phase diagrams exist, depending on j 1 /j min .
As shown in Fig. 4 , the KLS model with a junction can be viewed as three coupled KLS on a single chain. For conditions when there are two maxima and one minimum for each KLS, there are seven (or eight) phases. For three independent KLS, one might predict that 7 3 = 343 (or 8 3 = 512) phases exist. However, three KLS chains in the system are coupled, and this significantly reduces the number of phases. For example, due to the current conservation in the stationary phase, currents at chains I and II are always smaller than the current at chain III. As a result, maximal current phases are not possible for chains I and II. The role of the junction is then to serve as a coupling element that controls possible stationary phases.
We have studied the situation that two lattices merge into one in detail. The conclusion is valid for the general situation in which m lattices merge into n ones in the case m > n.
We have investigated the phase diagrams as well as bulk density analytically based on flow rate conservation and the extremal current principle. Extensive Monte Carlo computer simulations are performed, and it is found that they are in excellent agreement with theoretical prediction. 
APPENDIX A
To determine the simulation phase transition line, we fix ρ + (or ρ − ) and plot the averaged bulk density in each chain versus ρ − (or ρ + ). Here the averaged bulk density is defined as the average of densities in the 200 sites in the middle in each chain. For instance, see Fig. 9 , in which ρ + = 0.6 is fixed. One can see that five phases are classified by the four vertical dashed lines. In this way, the phase boundaries are determined.
APPENDIX B
Here we prove that when 2 > C > D, E cannot be larger than 2. From C = j 1 j min < 2, one has
If we assume E = j 1 j 2 > 2, then one obtains
From Eqs. (B1) and (B2), one has 2j 2 < j 1 < 2j min , so that j 2 < j min , which could never be met. However, the differences are not large enough to make the phase diagram and bulk density different. This can be understood via a comparison with the situation where two TASEP lattices merge into one. Suppose particles at site L on chains I and II hop to site L + 1 on chain III with rate q, and at other sites, the hopping rate is 1. It can be easily derived via the mean field approximation that there exists a critical value q c . When q > q c = 1 − √ 2/2, the bulk density and the phase diagram are independent of q. When q < q c , the bulk density and the phase diagram change with q. Similar results are also obtained in the situation where one TASEP lattice branches into two, as shown in Ref. [36] .
